We provide a much shorter proof of the following partition theorem of P. Erdős and R. Rado: If X is an uncountable linear order into which neither ω 1 nor ω * 1 embeds, then X → (α, 4) 3 for every ordinal α < ω + ω. We also provide two counterexamples to possible generalizations of this theorem, one of which answers a question of E. C. Milner and K. Prikry. MR Subject Classifications: 03E05, 04A20, 05A18, 05D10 Keywords: partition relations, Ramsey theory, real orders, transfinite ordinal numbers, triples
A brief introduction
In [3, Theorem 31, pp. 447-457], P. Erdős and R. Rado proved the theorem cited in the abstract, namely that if X is an uncountable linear order into which neither ω 1 nor ω ordering is trichotic (if always either x < y, y < x, or x = y), then the order is a linear order. For any order X (with ordering <), the inversion of X is the order X * , with underlying set X and ordering < * which is defined by putting x < * y if and only if y < x. For example, R * ∼ = R, while ω * is isomorphic to the negative integers with their usual ordering.
It is traditional when defining and describing orders to omit explicit mention of their orderings whenever possible, leaving them to be inferred from context or usage. We will continue this tradition, as it greatly simplifies notation and seldom seems to leads to confusion.
For any two orders X and Y , we let [X] Y be the collection of all suborders of X (subsets of X together with the natural restrictions of its ordering) which are order isomorphic to Y . That is,
For example, [R]
ω is the collection of all strictly increasing infinite sequences of real numbers, while [R] Q is the collection of all densely ordered sets of real numbers with neither maximal nor minimal element. Most importantly, for any order X and any natural number n, we have that [X] n is the collection of all n-element chains of X; 
the most important consequence of which is the fact that [X, Y ] 1,2 is just the set of triples {x 0 , y 0 , y 1 } where x 0 ∈ X and y 0 , y 1 ∈ Y with y 0 < y 1 .
We are interested in the combinatorics of orders, and most especially in their Ramsey theory, first described and investigated by P. Erdős and R. Rado in [3] . In its most straightforward form, Ramsey theory is the theory of the ordinary partition relation: Let X be an order, µ be an ordinal, and each Y i for i < µ be an order. Then the partition relation X → (Y i ) n i<µ holds if and only if for every partition f : [X] n → µ there are an index i < µ and a suborder
f is a function and A is a set, then by f "A we mean the image of A under f . That is, f "A = {f (a) | a ∈ A}.) The failure of a partition relation is indicated by replacing the "→" with " ".
There are a few variations on this notation given in [3, Section 2, pp. 428-431], three of which we will need here. The first variation is concerned with the possibility that all of the orders Y i for i < µ are identical: The partition relation X → (Y ) 
Examples of each of these variations appear in the results below. An order is anti-well-founded if it contains no strictly increasing infinite sequences. That is, X is anti-well-founded if and only if [X] ω = ∅. The character of an order is the minimum cardinal number of anti-well-founded suborders into which it can be decomposed. For example, the character of the first uncountable ordinal ω 1 is ω 1 (as every anti-well-founded suborder of ω 1 is finite), while the character of the real line R is 2 ω (as every anti-well-founded suborder of R is countable). An order has countable character if it can be decomposed into countably many anti-well-founded suborders. Since every order can be decomposed into some number of anti-well-founded suborders (singletons, if need be), if an order does not have countable character, then it must have uncountable character. 1 We remark that an order X has countable character if and only if the negative partition relation X (ω) A real order is a linear order with uncountable character into which ω 1 does not embed. It is not difficult to see that the real line R is a real order (which explains the moniker "real"), as is any other uncountable linear order into which neither ω 1 nor ω We will use the following "well known" facts in our proof of Theorem 1. 
Fact 1 (P. Erdős-R. Rado). Every real order

Y < W (i.e., y < w for every y ∈ Y and w ∈ W ).
Fact 2 (F. Ramsey, P. Erdős-G. Szekeres). For each natural number m there is a natural number n such that n → (m, 4)
3 . Also, ω → (ω, 4) 3 .
Fact 3 (P. Erdős-R. Rado, E. Specker). The relation ω 2 → (n, ω + m) 2 holds for any two natural numbers m and n.
Fact 4 (J. Baumgartner-A. Hajnal). For any two natural numbers m and n, if Z is a real order, then Z → ((ω + m) n , ω)
2 .
In each case a much stronger statement is true; for details we refer the interested reader to [ Proof of Theorem 1. Let X be a real order. Let a partition f : [X] 3 → {0, 1} be given. Fix a natural number m. We will show that either
The claim below will be our most useful tool in this effort. Using Fact 2, find a natural number n such that n → (m, 4) 3 . For each y ∈ Y , define the partition f y : [W ] 2 → {0, 1} in the following way. For each pair of distinct elements w 0 and w 1 of W , put
Claim. Suppose x ∈ X and
If (c) holds for some y ∈ Y , then by the claim either (a) or (b) holds, and we are done. We may therefore assume (without loss of generality) that (d) holds for each y ∈ Y . That is, we may assume that for each y ∈ Y there is an n-element subset
In particular, we note that
. . , n − 1, n} as follows. For each pair of distinct elements z 0 and z 1 of Z, put
By Fact 4, either (e) there are i < n and
If (e) holds, then by the claim, either (a) or (b) holds, and we are done. We may therefore assume (once again without loss of generality) that (f) holds.
If (g) holds, then (b) follows, and we are done. We may therefore assume that (h) holds. Similarly, because D → (m, 4) (by our choice of n), either
As before, if (i) holds, then (b) follows, and we are done. We may therefore assume that (j) holds.
3 = {0} by (j). All of these together imply that f "[A] 3 = {0}. Thus (a) holds, and we are done.
In conclusion
We wish to consider the possibilities for improvement on Theorem 1. We know of two negative results which place direct limitations on such improvements, Theorems 2 and 3 below. (Incidentally, Theorem 2 provides an answer to a question of E. C. Milner and K. Prikry in [8 
